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Abstract
The nucleon contains ambient color electric and magnetic elds. The latter
are thought to be responsible for spin splittings among the light baryons. Here
we show that the same physical mechanism predicts the sign and approximate
magnitude of the gluon spin contribution to the nucleon's spin ( ) at the
quark model renormalization scale, 
2
0
. The non-Abelian character of QCD


















give    0:4 at 
QCD
 1:0. The physical origin of these results is discussed
as is their evolution to experimentally accessible values of Q
2
.
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I. INTRODUCTION
Since quark spin accounts for only a small fraction,   0:3, of the nucleon's spin [1,2] one
wonders where the rest of the spin resides. Sehgal [3] pointed out long ago that experimental
data on hyperon -decays and the assumption that any strange quarks in the nucleon are
unpolarized [4] requires   0:6 and he suggested that quark orbital angular momentum
(L
Q
) { expected in relativistic quark models { was a likely candidate.
More recently, the possibility that gluons may carry a signicant fraction of the nucleon's
spin has been raised and debated [5{8]. Much debate has centered on the possibility that a
gluonic contribution may \contaminate" the axial charge sum rules used to extract  from
polarized lepton scattering data. There is no debate, however, on the fact that gluon spin
( ) and orbital angular momentum (L
G
) can contribute to the nucleon spin. In QCD the










 +  : (1)
There are no explicitly interaction dependent terms and a denite operator can be assigned


















, however several methods of measuring
  have been suggested and experiments along those lines are being developed.
The purpose of this Letter is to point out that the same features of QCD inspired quark
models that account for the baryon spectrum predict the sign and approximate magnitude
of   at the scale of the constituent quark models. To be specic: The condition   > 0 is a
consequence of color magnetism, which makes the (1232) heavier than the nucleon. The
QCD spin{spin force between quarks comes from the exchange of transverse gluons which
give rise to color magnetic elds. The spin dependent piece of the Born graph for gluon





















just as in electrodynamics. With ambient color magnetic (and electric) elds present, it
should not come as a surprise that they contribute to both   and L
G
. The non-abelian
character of QCD ips the sign of  . If quark spin forces were abelian, the  would be
lighter than the nucleon and   would be negative. If   should be found to be negative,
it would be dicult to reconcile with our understanding of hadron spin splittings. The
magnitude of   depends on details of quark model wavefunctions and on the renormaliation
scale assigned to the quark model calculations. However the model's prediction of the  N
mass dierence constrains the size of   to some extent.

















. [Note that 2  is the gluon spin fraction of the nucleon spin.]
We hesitate to assign specic values to the parameters that appear in these calculations for
fear they will be taken too seriously. On the other hand the model parameters are constrained
to some extent by the magnitude of baryon spin splittings making a numerical estimate
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If, for example, we choose Gaussian wave-functions scaled to reproduce the proton's charge




=3 to obtain approximately correct magnetic moments,











In the bag model, 
bag
 2:2 in order to t baryon mass dierences, whence  
bag
 0:2.
Note that these estimates apply at the quark model renormalization scale. To obtain a
prediction for Q
2
 2   10GeV
2










is a renormalization group invariant (to leading order). If we take these estimates seriously,
scaling will tend to bring the two predictions closer together because the bag estimate





). Indeed, at 
QCD
 1 both models predict
   0:4. Clearly, values of  (Q
2
) of order unity at experimentally interesting Q
2
are possible.
In the next Section we introduce the operator measures of gluon spin and orbital angular
momentum. We show that the operator we evaluate in the rest frame is the same one
measured by integrating the gluon helicity asymmetry g(x;Q
2
). In Section 3, we estimate
the magnitude of   in simple models and discuss its sign relative to the  N mass dierence.
In Section 4 we explore several subtleties which arise in earlier sections. We also point out
the possibility of calculating the x-dependence of the polarized gluon distribution at the




II. THE OPERATOR DESCRIPTION OF GLUON ANGULAR MOMENTUM



















































































g are in the adjoint, and f
a
g are









). The rst two terms may be identied
as the quark orbital and spin angular momentum respectively. The next two are the gluon
orbital and spin angular momentum. The last contributes only to boosts. Eq. (3) diers
from the canonical angular momentum tensor by a superpotential which makes the division









. The subject is reviewed in detail in Ref. [7].
The sum rule for the total angular momentum, eq. (1), follows by taking the forward






























































0) compensates for the d
3
x integration in the forward matrix
element. The states are covariantly normalized, hP; SjP
0












questions of convergence of the x-integration arise, eq. (4) should be understood as the limit
of the expectation value in a wave packet with nearly sharp momentum [7]. Note that eq. (4)
was derived without choice of gauge and therefore holds in any gauge. The orbital angular




r), where  and  are










E as the quark and gluon spin contributions respectively. To obtain a more familiar

























in analogy to QED.




Ei directly. Instead they will measure the polarized
gluon distribution function, g(x;Q
2
), in deep inelastic lepton scattering. g measures the
probability to nd a gluon with its helicity parallel to the nucleon's helicity minus the
probability to nd it antiparallel. The integral of g therefore measures the gluon spin




Ei. To establish this


























































is a reminder that the tower of local matrix elements in the Taylor expansion of
F
~
F are understood to be renormalized at a factorization scale, Q
2






























). If we integrate














































. Returning to eq. (6) we see that if g  x
p
as






. As long as p >  1, we can perform the 
 
integration and
ignore the terms at 1. Choose the rest frame for P , and after some algebra we are left



































which vanishes because no non-trivial pseudoscalar can be formed from P and S. Although
3
we derived eq. (9) in A
+
= 0 { gauge, the matrix element in question is in fact gauge




E describes the gluon spin in any gauge.




E renormalized at Q
2
with the data measured
at that scale. No one has succeeded in formulating a quark model consistent with QCD
renormalization group invariance. Instead it is assumed that quark model predictions for the
nucleon hold at some low mass scale, 
2
0
, where, it is hoped, the nucleon is well approximated
by three valence quarks plus small admixtures of glue and qq pairs [10]. To compare quark





. This picture has
had some success describing unpolarized structure functions. Further discussion of evolution
is postponed to Section 4.
Unfortunately there is no similar connection between the gluon orbital angular momen-





models, they are at present of academic interest only.
III. THE GLUON SPIN IN QUARK MODELS
Models of hadron structure in which quark degrees of freedom appear explicitly fall
into two general classes: non-relativistic quark models, where quarks are described by the
Schroedinger equation (perhaps including relativistic corrections) and conned by some two
body color dependent forces; and bag models, where relativistic quarks, governed by the
Dirac equation, move in some conning background eld imagined to be self-consistently
generated by their deformation of the non-perturbative QCD vacuum. Both extremes give
excellent explanations of the mass spectrum of the lightest hadrons (pseudoscalar and vector
mesons, and octet and decuplet baryons). A major role is played by color mediated, spin
dependent forces [12,13]. In this Section we shall see that the gluons responsible for these
spin splittings are aligned with the nucleon spin (  > 0); that this is a particular consequence
of the non-abelian nature of QCD interactions, and that the eect has roughly the same
magnitude in both extreme types of model.
As shown below, there are good physical arguments for the sign of   in both models.
The magnitude is less certain because of the surprising size of hadron spin splittings {
e.g. the N    mass dierence is 1=3 the nucleon's mass. Consequently color dependent
eects like   may be large, but the assumptions used in the model calculations are suspect.
In the bag model it is necessary to take 
bag
 2 in order to reproduce spin splittings.
So large an eect suggests that correlations are important in the nucleon wavefunction.
A more correlated wavefunction would presumably produce comparable splittings with a
smaller value of 
bag
. Non-relativistic quark models suer from other problems. The spin








)) term in the Fermi-Breit
Hamiltonian. So large a relativistic eect undermines the non-relativistic formalism. The
-function should be understood as smeared over the quark's Compton wavelength, which
is as large as the hadron, and if taken seriously would lead to a bag-like picture. Although
these are serious criticisms, the simple and successful calculation of chromomagnetic spin
splittings has found its way into textbooks [14] and its predictions for   should be taken
seriously, especially since no others are available.
A conceptual problem common to both types of models concerns the \self"-angular






B elds surrounding the electron contribute an (innite) amount to its angular
momentum. It is bound up in the general question of renormalization. For the present we
exclude all self-interaction terms | in summing over quarks we omit terms with i = j | and
discuss the issue further in Section 4. Quark model states are more conveniently normalized
to unity than covariantly, so we change normalization accordingly,




xhT jO(~x)jT i (10)
where jT i is a quark model state normalized to unity.


































































1. Non-Relativistic Quark Model
In simple non-relativistic bound states like the hydrogen atom it is customary to integrate
out the gauge elds in eqs. (11) and (12) in favor of operators in the constituent Hilbert
spaces. Thus, for example, the hyperne interaction in the hydrogen ground state is rarely
treated by computing the magnetic elds generated by the magnetic moments of the electron
and proton and substituting in the QED analog of eq. (2). Instead after several integrations
by parts eq. (2) is rewritten in the form
R R
dxdyj(x)D(x; y)j(y), from which emerges the
familiar Fermi-Breit Hamiltonian [15]. It is straightforward and useful to do the same to

















vanishes fast enough at innity to


































































). In the nucleon ground state all quark pairs are in relative s-waves, so only the
local term in
~








































































































=  2=3 for i 6= j.
The minus sign comes because the elds are non-abelian | the two spectators of any given
quark in the nucleon generate color elds appropriate to an antiquark. The sum over j yields
a factor of 2; the sum on i gives 2S
3


























r(r)=r measures a typical inverse interquark separation in the nucleon.
The physical origin of the sign of   is quite clear.
~
B, ~m and ~ are all parallel, corre-
sponding to eastward circulating color current for a quark with spin up ( north). This
current sees a color electric potential which is negative because the quark which generates
it is paired with the third quark to form a color f

3g. It behaves like \half" an antiquark.






























































































) are all model dependent, but not unconstrained.
m
q
 0:3GeV reproduces nucleon magnetic moments. Another constraint comes from the
















in the non-relativistic quark model [12]. To obtain a numerical estimate, we assume a
gaussian wavefunction adjusted to reproduce the root-mean-square charge radius of the










)  0:4. Since experimental data suggest
a small value of , a positive value of   is quite welcome. On the other hand, the negative
value of L
G
more than cancels the positive contribution of   to the total angular momentum
of the nucleon. For another estimate we turn to the ultra-relativistic case of the bag model.
2. Bag Model
Quarks in the static approximation to the bag model are modes of the Dirac equation
subject to conning boundary conditions on a sphere of radius R. Each quark generates a
6
color electric and magnetic eld. The magnetic eld energy calculated as in eq. (2) deter-
mines spin splittings. The expectation value of the color electric eld vanishes locally in a











tion values because the i = j terms have been removed and included in the renormalization
of the quark spin.







for the ground state. Connement of the quark vector currents requires f(R) = g(R). In










is the lowest solution to
the eigenvalue condition tan x = x=1   x (x
0
= 2:0428). The color magnetic eld can

































































































































parallel. Since h(r) is positive denite, it is clear that
~
j ows eastward in a spin-up state.
~
E is




Ei is parallel to
~
S. The dierence between
the relativistic and non-relativistic versions is that the relativistic version gets \inside" the
non-relativistic -function and gives a model for the spatial distribution of color current





(r), which is the non-radial component of
~
B is also positive and
vanishes at r = R. This xes the sign of J
G
to be positive in the bag model. Substituting

























































Standard bag model calculations of baryon spin splittings require 
QCD
 2, so we conclude
that gluon spin is responsible for about 40% of the nucleon's spin in the bag model. Note
that L
G
is negative in both the QM and the bag model, but it is much smaller in the bag.




and results in a negative value os J
G
. In the bag model the
eect is in the same direction but only decreases J
G
slightly.
IV. DISCUSSION AND CONCLUSIONS
Several issues raised in earlier sections warrant more careful consideration. Here we will




Ei, \self-interaction" contributions to  ,
renormalization scale dependence of   and comparison with experiment. Finally we will
mention some possible extensions of our work.
Discussions of the gluon contribution to the quark spin sum rules [5,6] are fraught with
concerns about gauge invariance. Most of these have their origins in the use of the anomalous






















an interpolating eld for a gluonic contribution to the quark spin. Here we are directly




Ei, which suers from none of these aictions.




E are gauge invariant. To establish this, consider


























































i which vanishes because an octet operator cannot have an expectation value
in a singlet state.
Regarding the self interaction terms, the proper prescription in principle is \include all









E . The same











(up to a super-potential), renormalizing T also
renormalizes M . If we renormalize on-shell, the spin is found on the renormalized electron
line and the self-elds are to be ignored. The same argument would seem to carry over to
the QM and dictate that we ignore all terms with i = j in eq. (11) and eq. (12). However
we cannot renormalize a conned quark on mass-shell, so we cannot assume that all self-
eld eects can be renormalized away. The problem also arises in the bag model where the




Ei would yield a nite
result analogous to the Lamb shift correction to the self-energy of a bound electron. This
program has actually been carried out for the self-energy of a quark in a bag [18]. Only a
complete treatment of the renormalization of a conned quark would enable one to decide
8




and how much should be attributed to its binding inside the nucleon. For the present
we assume that all self-eld eects are to be included in the denition of the renormalized
quark operators and omitted from our calculation of  .
The renormalization point and scheme dependence of   has been discussed extensively.
In a physical gauge (e.g. A
0
= 0 or A
+
= 0), it is easy to see that the forward matrix
element of the Kogut-Susskind current, hK
3




Ei. So the studies of
the QCD evolution of the forward matrix elements of hK
3
i in a physical gauge [5,17] apply









. Beyond leading order the Q
2
dependence of   is scheme dependent, and not of much
interest until one understands the renormalization scale and scheme dependence of quark
model calculations. These problems notwithstanding, the sign of   is preserved by evolution
in leading order.
The renormalization point dependence of   and the uncertainties inherent in quark mod-
els make a quantitative prediction for   from color-magnetic sources quite dicult. It might




) which could be extracted from the bag model. Estimates of quark distribu-
tions in the bag model have been identied fairly successfully with q(x; 
2
0
) [19]. The same
methods could be employed to predict not only the magnitude of   but also the shape of
the associated x-distribution. This information might serve as a guide to theorists who have
mapped out sophisticated (next-to-leading order) programs for studying the evolution of po-
larized quark and gluon distributions [11]. In any case it would denitely be interesting to
know the x-dependence of the polarized glue distribution predicted in quark models. Finally
we note that there is much less reason to compute the spin-independent gluon distribution
using these models. The lowest moment of g(x;Q
2
) does not converge and is not associated
with a local operator. Furthermore models that take seriously the gluon role in connement,
leave us puzzled whether the long-range conning eld (e.g. the bag itself in the bag model)
should be associated with a (spin-independent) gluon distribution or not.
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